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Abstract 

Let X be a smooth projective variety. We study a relationship between the derived 
category of X and that of a canonical divisor. As an application, we will study Fourier- 
Mukai transforms when k(X) = dimX — 1. 

1 Introduction 

Let X be a smooth projective variety and D(X) the bounded derived category of coher- 
ent sheaves on X. Recently D(X) draws much attention from many aspects, especially mirror 
symmetry, moduli spaces of stable sheaves, and birational geometry. Kontsevich [M.K94] con- 
jectures the existence of equivalence between derived category of X and derived Fukaya category 
of its mirror. In the physical viewpoint, we can not distinguish the mirror pair by observations 
or experiments, so this gives a motivation for the new concept of "spaces". In this respect, 
the properties which are invariant under Fourier-Mukai transform (i.e. categorical invariant) 
can be considered as the essential properties of the "spaces". For example, the Serre functor 
Sx = <S>wx[dimX] is such a categorical invariant. 

On the other hand there are many works concerning the derived equivalent varieties. Let 
FM(X) be a set of isomorphism class of smooth projective varieties which have equivalent 
derived categories to X. In [Muk81], Mukai showed that if A is an abelian variety and A is 
its dual variety, then A belongs to FM{A). This fact implies that D(X) does not completely 
determine X. But if we assume that Kx or —Kx is ample, Bondal and Orlov [BDOl] showed 
that FM(X) consists of X itself. When X is a minimal surface, Bridgeland-Maciocia [BMOlJ 
described FM(X), and non-minimal case was treated by Kawamata [Kaw02]. In these cases, 
we can see the following common phenomenon: 

"If there exist more information of Kx, for example if k(X, ±Kx) are greater, then FM(X) 
is smaller. " 

The main purpose of this paper is to explain why this phenomenon occurs. The idea is 
to extract information concerning Serre functors. Here we state the main theorem. Let Y £ 
FM(X) and $: D(X) — > D(Y) an equivalence of triangulated categories. Let V € D(X x 1") be 
a kernel of <£. Here the definition of kernel will be given in Definition 12. 11 Let VP : D(Y) —* D(X) 
be a quasi-inverse of and £ € D(X x Y) be a kernel of Then we prove that 

• $ induces an isomorphism of vector spaces, H°(X, mKx) — > H°(Y, mKy) for m € Z. This 
is also proved in |Cal03j . Let E G |mifx| corresponds to E* € |mivy-|. 

• $ induces a bijection between 7ro(nf =1 -Ej) and 7ro(n™ =1 s]). Here Ei G \rriiKx\ for i = 
1, ■ • • ,n and m; £ Z. n and m; are arbitrary, and 7To means connected component. Let 
C € TT (nf =1 Ei) corresponds to C 1 " € 7r (n" =1 -E|). 

Then the main theorem is the following: 
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Theorem 1.1. Assume that C and satisfy the following conditions: 



C and are complete intersections. 



L L 

• V !g) OcxY, £ <8> OcxY are sheaves, up to shift. 

Then there exists an equivalence of triangulated categories <&c : D(C) 
following diagram is 2- commutative: 



D(C^) such that the 



D(X) 

4> 



D(C) 



IC* 



D{Y) D(Ct) 



l cU 



D{X) 
D(Y). 



The assumptions are satisfied if \rriiKx\ are free, Ei £ \rriiKx\ are generic members, and V 
is a sheaf, up to shift. The above theorem says that "If there are many members in \mKx\, then 
we can reduce the problem of describing FM{X) to lower dimensional case." As an application, 
we will study Fourier- Mukai transforms when k{X) = dimX — 1. Using this method, we will 
give a generalization of the theorem of Bondal and Orlov [BDOlJ, and determine FM{X) when 
dimX = 3 and k(X) = 2. 

In the view point of birational geometry, there are some works concerning derived categories 
and birational geometry. For example Bridgeland [Bri02j constructed smooth 3-dimensional flops 
as a moduli space of perverse point sheaves, which are objects in derived category. Surprisingly 
his method gives an equivalence of derived categories under flops simultaneously. This result 
was generalized by Chen [Che02j and Kawamata [Kaw02]. The existence of flops and flips is 
a very difficult problem in birational geometry, and Bridgeland's result gives a possibility of 
treating the problem by moduli theoretic method. 



2 Derived categories and Serre functors 

Notations and conventions 

• Throughout this paper, we assume all the varieties are defined over C. 

• For smooth projective variety X, let D(X) := D b (Coh(X)), i.e. bounded derived category 
of coherent sheaves on X. The translation functor is written [1], and the symbol E[m] 
means the object E shifted to the left by m places. 

• ujx means canonical bundle, and Kx means canonical divisor. For a Cartier divisors D, 
we write the global section of Ox(E>) as H°(X,D), \D\ means linear system, and Bs \D\ 
is a base locus as usual. 

• For the derived functors, we omit R or L if the functors we want to derive are exact. 

• For another variety Y, we denote by pi, projections pi: X xY —> X, p2'. X x Y ^ Y. 

• For a closed point x € X, O x means a skyscraper sheaf supported at x. 

In this section we recall some definitions and properties concerning derived categories. 
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Definition 2.1. For an object V £ D(X x F), we define a functor <& x ^y : D(X) —> D{Y) by 



^y(E) :=Yip 2 ,{p\E®V). 



The object V is called the kernel of & X ^Y- ^or a morphism /i: V\ — > V2 in D(X x Y), we also 
denote by & X ^Y ^ e na t ura l transform: 



v x-,y ■ T x^y ^x->y-> 



induced by /x. 



The functor of the form & x ^y is called an integral functor. If an integral functor gives an 
equivalence of categories, then it is called a Fourier-Mukai transform. The following theorem is 
fundamental in this paper: 

Theorem 2.2 (Orlov [Orl97]). Let <£: D(X) — > D(Y) gives an equivalence of C-linear trian- 
gulated categories. Then there exists an object V £ D(X x Y) such that <3? is isomorphic to the 
functor & X ^Y- Moreover V is uniquely determined up to isomorphism. 

Next we introduce the notion of Fourier-Mukai partners. 

Definition 2.3. We define FM{X) as the set of isomorphism classes of smooth projective 
varieties Y , which has an equivalence of C-linear triangulated categories, <£: D(X) — > D(Y). If 
Y £ FM(X), Y is called a Fourier-Mukai partner of X. 

By Theorem £3 if Y £ FM(X), then D(Y) is related to D(X) by a Fourier-Mukai trans- 
form. To study the relation between derived categories and canonical divisors, the following 
Serre functor plays an important role. 

Definition 2.4. Let T be a C-linear triangulated category of finite type. An exact equivalence 
S: T — » T is called a Serre functor if there exists a bifunctorial isomorphism 

Hom(£, F) -» Hom(F, S(E))* 

for E,F £T. 

As in |BDQ]4 Proposition 1.5], if a Serre functor exists, then it is unique up to canonical 
isomorphism. If X is a smooth projective variety and T = D(X), then Serre duality implies 
Serre functor Sx is given by Sx(E) = E ® wx[dimX]. 

Proposition-Definition 2.5. Let X, Y , Z be varieties, and pij be projections from X xY x Z 
onto corresponding factors. Let us take T £ D(X x Y), Q £ D(Y x Z). We define Q o T £ 
D(X x Z) as 

L 

G o T ■■ = Rpi3*(Pi2-^ ® vys)- 

Then we have the isomorphism of functors: Qy^z ^x^Y ~ ^x°^>z> an< ^ f or a morphism 
(j,: !F\ — ► J-2 in D(X x Y), the isomorphism of natural transforms: 

^Y^Z ° ^X^Y — ^X^Z ■ ^X^Z * ^X^Z- 

Moreover the operation o is associative, i.e. (TC o Q) o T = H o (Q o T). 
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Proof. The proof of § Y ^ Z o $£^ y ^ is seen in several references. For example, see 

|Che021 Proposition 2.3]. The same proof works for natural transforms, formally replacing T 
by p. We can check the operation o is associative by the same method, but we would like to 
give the proof for the lack of references. Let X, Y, Z, W be varieties, and take T € D(X x Y), 
Q € D(Y x Z), and TL € D(Z x W). We change the index pij to pxy etc. Let p**, q**, r**, and 
s** be projections, given as in the following diagram: 

X xY x Z X x Z xW 



Pxy 



X x Y 




1x z . 



Y x Z, 



X x Z 



X X W 

Y x Z x W 

SYW 



QZW 



ZxW, 



^ S ZW 



XxY XxW Y x W, yxZ Fxlf Z x Pv". 

Let 7r** or vr^^* be projections from X xY x Z xW onto corresponding factors, for example 
as in the following diagram: 

X x Y x Z x W 



^XYZ 




nxzw 



KYZW 



XxYxZ XxYxW XxZxW 
Then TL o (Q o J 7 ) is calculated as 



Y x Z x W 



L L 

L L 

= Rgxw^Rvrxzw^xyzbxy-^ ® PyzS) qzw^O 

L L 

= Rgxw*R-7rxw*(7Txy^(Pxy- ?r ® Pyz£) ® ^xzwQzw^O 

L L 

= R7rxiy*(7rxy-^" 7r yz £ ^zw^)- 

Here the third isomorphism follows from flat base change, and fourth isomorphism from 
projection formula. Similarly, (TL o £/) o is calculated as 



(HoQ) o T = Kr XWif (r YW (TL o 0) 



xy 



L L 

Rrxw*(ry W R.sy W *(sy Z £/ s* zw H) r xy .F) 



RrxH/*(R7TxyM/*7r yzV i/(sy Z g s* zw H) 

L L 



xy 



Therefore we obtain the isomorphism, Tio [Q o T) = (TL oQ) o J 7 . 



□ 



Here we give one remark. The category D(X x Y) is like a category of functors from D{X) to 
D(Y). In fact an object J- € D(X x Y) corresponds to a functor ^x—*Y j anc ^ a morphism T ^ Q 
gives a natural transform 'fcj^y — > ^l^y. But as remarked in |Cal03j . this correspondence is 
not faithful, i.e. non-trivial morphism T ^ Q may induce a trivial natural transform. Though 
natural transform is a categorical concept, it is not useful for our purpose. So sometimes we use 
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the objects of D(X x Y) instead of functors, and treat their morphisms as if they are natural 
transforms. 



3 Moduli spaces of stable sheaves 

In this section, we introduce the notations of the moduli spaces of stable sheaves, and recall 
some properties. These are used for the applications of Theorem ll.il The details are written in 
the book [DM97]. Let X be a projective scheme and H be a polarization. For a non-zero object 
E E Coh(X), its Hilbert polynomial has the following form: 

X (E <g> H® m ) = V ^^m i (adE) 6 Z,cl = dim(Supp£')). 

i=0 

We define a rank of E and its reduced Hilbert polynomial by 

rk(E) := a d (E)/a d (O x ), p(E, H) := X (E ® H® m )/a d (E). 

Now let us introduce the order on Q[m] as follows: if p,p' E Q[?n], then p < p' if and only if 
p(m) < p'(m) for sufficiently large m. We denote p < p' if p(m) < p'(m) for sufficiently large m. 

Definition 3.1. A non-zero object E E Coh(X) is said to be H-semistable if E is pure, i.e. 
there exists no subsheaf of dimension lower than d, and for all subsheaves F C E, we have 
p(F,H) < p(E,H). E is said to be H -stable if E is H-semistable and for all subsheaves F C.E, 
we have p(F, H) < p(E, H) . 

Using the above stability, we can consider the moduli spaces of stable (semistable) sheaves. 
Also we can consider the relative version of the moduli spaces of such sheaves, under projective 
morphism / ' : X — > S and /-ample divisor H . Let T be a 5"-scheme, and px '■ X x 5 T — > X and 
Pt'- X X5 T — » T be projections. We define a contravariant functor M. (XjS): (Sch/S)° — > 
(Sets) as follows: 

{T G Coh(X X5 T), which are flat over T, and for 
all geometric points Speck(t) -> T, ^'lxxSpecfe(t) 
is p^if|xxS P ecfc(t)-semistable. 

Here for E, E' E Coh(X xgT), the equivalence relation ~ is the following: 

E~E' A 4 E = E' ® p* T C for some C G Pic(T). 
Then there exists a projective scheme 

M H (X/S) -> 5, 

which corepresents M. H (X/S). Let M H (X/S) C M H (X/S) be a subset which corresponds to 
stable sheaves. It is known that M H (X/S) is an open subscheme of M (X/S), for example 
see |DM97j . 

Definition 3.2. Let M C M H (X / S) be an irreducible component. M is called fine if it is 
projective over S and there exists a universal sheaf on X x$ M. 

The following theorem is due to Mukai (Muk87j 
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Theorem 3.3 (Mukai [Muk87| ). For x € M, we denote by E x the corresponding stable sheaf. 
Then there exists a universal family on X x 5 M if 

g.c.d{x(E x <S> M) I N is a vector bundle on X} = 1 

holds. 

We have the following criteria to find the fine moduli scheme: 

Lemma 3.4. If g.c.d{x(E x (g> _£f® n ) | n G Z} = 1, then M is projective over S, i.e. there exists 
no properly semistable boundary. Hence M is fine by Theorem VJ.'Ji 

Proof. Indeed if there exists some x G M \ M, then there exists a subsheaf F C E x such that 
p(F, H) = p(E x , H). If we take m, uJi G Z such that £ w< • X (E X ® H® n >) = 1, then 

• ® = OLd{F)/a.d{E x ). 

Since the left hand side is an integer and < ad{F) / ad{E x ) < 1, we have a contradiction. So 
by the above theorem M is fine. □ 

Finally we recall the significant result on the moduli spaces of stable sheaves and derived 
categories, established by Bridgeland and Maciocia [BM02]. We say that a family of sheaves 
{Up}peM on X is complete if the Kodaira-Spencer map 

T p M — ► Ext^ {UpMp) 

is bijective. 

Theorem 3.5 (Bridgeland-Maciocia [BM02J). Let X be a smooth projective variety of dimen- 
sion n and {U p } p( zM be a complete family of simple sheaves on X parameterized by an irreducible 
projective scheme M of dimension n. Suppose that Homx(W pi ,W P2 ) = for pi G M , p\ 7^ P2 
and the set 

T(U) := {(pi,p 2 ) EMxM\ ExtV(W Pl ,W P2 ) + for some i G Z} 

has dim T(U) < n + 1. Suppose also that IA P = U p for all p € M . Then M is a nonsingular 
projective variety and ^jw^x : D(M) — > D(X) is an equivalence. 

4 Correspondences of canonical divisors 

In this section we fix two smooth projective varieties X and Y, such that Y S FM(X). The 
purpose of this section is to establish the relation between the canonical divisors of X and Y, 
and state our main theorem. We fix the following notation: 

• <1>: D(X) — > D(Y) gives an equivalence, and V G x Y) is a kernel of <E>. 

• ^ : D(Y) — > D{X) is a quasi-inverse of and £^ G D(X x 1") is a kernel of ^. 

• S x -= ®uj x [dimX} : -» is a Serre functor of D(X). 
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Since Serre functor is categorical, we have the isomorphism of functors, 

r : $oSx Sy o 

Note that the kernel of left hand side is V <8> p\^x [dim X] , and right hand side is V^p^uJy [dim F] . 
So by Theorem 12.2} we have the isomorphism, 

p:V® p\u) X [dim X] V <S> P* 2 uj y [dim Y] . 

Therefore dimX = dimF, and there exist isomorphism for all meZ, 

p m : V ® pluf V ®p* 2 LUy> m . 

Therefore we can see the following proposition: 

Proposition 4.1. {p m }mez induce the isomorphism of graded C-algebras: 

{p' m }: 0Hom Xxy (P,P^u;f m ) Hom Xxy (V, V ® p* 2 u® m ). 

Proof. Clear by the above argument. □ 

Next we will compare the vector spaces H°(X, mKx) and Homjfxy^, V <S> PiW® m ) . Since $ 
gives an identification of categories, <E> must give the bijection between functors D{X) — > D(X) 
and functors D(X) — > D(Y). In this respect, the following lemma is obvious: 

Lemma 4.2. The following functor, 

Vo : D(X xX)3a^Voa£ D(X x F) 

gives equivalence. 

Proof. Let f be a quasi-inverse of <£, and £ € D(X x Y) be a kernel of ^. Let Ax C X x X 
and Ay C 1" x Y be diagonals. Note that the operations Oa x °, 0& y o induce identities. Since 
£oV = Ax , Vo£^ Oa y , the following functor: 

So : D(X xY)Bb^£obe D(X x X) 

gives a quasi-inverse by Proposition-Definition 12.51 □ 

As in the same way, we have equivalence of categories: 

oV : D(Y x7)3aH fl ope D(X x Y). 

We have the following lemma: 

Lemma 4.3. The following diagrams are 2-commutative: 

D(X x X) -^-» D(X x Y) D(Y x Y) -^-» L>(X x F) 

= L>(F) = L»(F). 

.Here A means diagonal embedding. 



A* 



Pl(*)«rP 
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Proof. Let us check the left diagram commutes. Let pij be projections from X x X x Y onto 
corresponding factors. Take a € D(X). Then 

V o (A*a) ^ Rpi 3 * ( Pi2 A *a § p^T 7 



^ Rpi 3 * f(A x idy)*pja % p* 23 V 
^ Rpi 3 *(A x idy)* (pla § (A x id y )*p^ 3 P 

The second isomorphism follows from flat base change of the diagram below 

XxY XxXxY 

Pl P12 

X > X x X, 

and the third isomorphism follows from projection formula. □ 

As the immediate corollary, we have 
Corollary 4.4. <1> induces the isomorphism of graded C-algebras: 

{Mm&- H°(X,mK x ) H°(Y,mK Y ). 

m£Z rnGZ 

Proof. By Lemma 14.31 we have the isomorphism of graded C-algebras: 



X h 



Hom XxX (A*0 x , A^| m ) ^> Hom Xx y(P,P ®p^f" 
0Homy xy (A t Oy,A^ m ) ^ Hom Xx y (P, V ® p^f 



Since H°(X,mKx) = Homjf x x(A*Ojc A t w| m ), combining given in Proposition 14.14 we 
obtain the corollary. □ 

Now let us interpret the isomorphism <f> m : H°(X, mKx) — > H°(Y, mKy) categorically. Take 
a G H°(X,mKx) and <jt := <p m (cr) G H (Y,i7iKy). Let d := dimX = dimY. Then we can 
think a and <jt as natural transforms, 

a: id* — ► S^[-md], <jt : idy — ► S?[-md] 

Here S^[— md] is a m-times composition of the shifted Serre functor, Sx[—d] = ®ujx- Let 

r m : $ o S%[-md] Sy\-md] o $ 

be the isomorphism of functors, induced by r : <3? o — '* Sy ° 3> naturally. 

Lemma 4.5. er^ is e^ua/ to the following composition: 

idy = $ o id x o S" 1 id ^ id $ o S%[-dm) o i- 1 T ^ d Sf[-dm) o^o^ 1 = S^[-dm}. 



Proof. This follows from Proposition-Definition [2~5l for natural transforms, and the construction 
of at. □ 

Let E := div(cr) G \mKx\, E* : = div(at) G |mi£y|. For the closed subscheme Z <— > X, we 
define the full subcategory Dz(X) C D(X) as follows: 

:= {a G | Suppa := U SuppiP(a) C Z}. 

We can observe the following: 

Lemma 4.6. $> takes D E (X) to D Et (Y). 

Proof. Take a G Coh(X) n D E (X). Let a' : id x -» Sj^-imd] = ®u/f im be /-times composition 
of a. Then 

a l {a): a®0J® lm 

are zero-maps for sufficiently large I. Then by the above categorical interpretation of at, we 
have 

(at) / ($(a)): $(a) - $(a) ® m 

are also zero-maps. Since (at)' is a natural transform, locally multiplying the defining equation 
of IE*, we have Supp<I>(a) C E'. Since De{X) is generated by Coh(X) n De{X), the lemma 
follows. □ 

For the sake of applications, it is convenient to generalize the above lemma to the intersections 
of canonical divisors. 

Corollary 4.7. Take E\ G \rriiKx\ and their corresponding divisors E\ G \miKy\ for i = 
1,2- ■■ ,n. There exists a one-to-one correspondence, 

7r„(n? =1 £i) 3 c 1 ► c*t G 7T (nti4)> 

smc/i i/ia£ $ tafces Dq(X) to D C ^(Y). Here ttq means connected component. 

Proof. Lemma 14.61 shows that $ takes D nEi (X) to D nE t(Y). Take a connected component 

C C niLi Since 

Hom y (cD(0 Crcd ), $(0 Cred )) = Hom x (0 Crcd , Cr J = C, 

Supp <J>(Oc* rcd ) is connected. Therefore there exists a unique connected component C*t c HILi ^1 
such that Supp<3?(0c rcd ) C CL We show $ takes DcK-X") to D c tOO- It suffices to show $ takes 
Coh(Oc) to D C j(Y). Take a closed point x G C. Then Supp( ( I>(C' x )) is connected by the same 
reason. Since there exists a non-trivial morphism Oc red ~* Ox, we have &(O x ) G ^^(K). Let us 
take a simple Oc-module J 7 . Then since Supp( < I ) (J 7 )) is connected and there exists a non-trivial 
morphism T — » for some closed point x G C, we have G D C ^(Y). The lemma follows 

by taking Harder-Narasimhan filtrations. □ 



Unfortunately the natural functor D(C) — > Dq{X) does not give an equivalence. (In general, 
latter has bigger Ext-groups.) However the existence of equivalence between Dc(X) and (Y) 
leads us to the speculation that D(C) and D{C') may be equivalent. If D(C) and D(tf) arc 
equivalent, then the relation between C and C> will give us information of the relation between 
X and Y. One of the purpose of this paper is to claim this speculation is true, under some 
technical conditions. We assume the following conditions on C, C\ and V,£ G D(X x Y). 
Recall that V, £ are kernels of $ and <I> _1 . 
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• C and are complete intersections. 

L L 

• V ® OcxY and £ <g> OcxY are sheaves, up to shift. 

These conditions are satisfied, for example, \m,iKx\ are free and Ei are generic members, and 
V is a sheaf. Now we can state our main theorem. 

Theorem 4.8. Under the above conditions, there exists equivalence &c'- D{C) — > JD(CT) suc/i 
f/iai i/ie following diagram is 2- commutative: 



D(X) D{C) 



D(X) 



D(Y) 



£U £)(Ct) £>(y). 



/fere ic, i^t are inclusions of C, into X and Y respectively. 



5 Proof of Theorem 14.8 



In this section, we give the proof of Theorem 14.81 We use the notation of the previous section. 
At first, we explain the plan of the proof. We will divide the proof into 4-Steps. In Step 1 and 

L L 

2, we will show there exists an isomorphism, V ® OqxY — V CvxCt- Using this and the 
assumptions, we will find a Vc £ D(C x C^), and construct a functor &c : D(C) — > D(C<). In 
Step 4 and 5, we will show 3>c gives the desired equivalence. 



Step 1. There exists an isomorphism V ® 0^ 



xY 



Xxfit ' 



Proof. We omit the index i, and write Ei as is 1 , etc. We have the following exact sequences: 








Ox 

L 



LO 



LO 



X 



,<8>rfi 



Y 



O e ®oj x 




0. 



Applying ® P and ® ^ respectively, we obtain the distinguished triangles: 



P — P®p^f 



7>® £W®PiVf m 



On the other hand, by Lemma 14.31 and the definition of </> m given in Corollary 
the following commutative diagram: 



we obtain 



V — P®;p^f m 



P® O^y®^? 1 



v®o XxEt ®^p m . 



Here p m is an isomorphism constructed in the previous section. Therefore there exists a (not 
necessary unique) isomorphism, 



Since V®p\uJ x m = V ® v\uy , we have an isomorphism, V ® E xY = V ® XxE f 
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Step 2. There exists an isomorphism, 



v ® o C xY = vi) o XxC t. 



Proof. By using the isomorphism of Step [T] n-times, we can get the isomorphism: 

V® ( (g) Os lX y ) =P® ( (g) 



. Ki<n I \ Ki<n 



On the other hand, we have 

L L 

®0 EiXY = P*xAc, ®0 Xxe] = fiBc; 

l<i<n CeMf]?=iE t ) l<i<n 1 C"e7ro(n?=iSf) 

for some Ac £ Dc(X), Be € Dci(F). Therefore we have the following isomorphism: 

V®p\A c = P®p* 2 B c >. 

ce^ (nr=i^) c"e7ro(n?=iB]) 

Now we have the following lemma: 

L L 

Lemma 5.1. V <g> p*Ac, V ® Pl^Ct are supported on C x C 1 " . 

L 

Proof. We show P (g) p*Ac is supported on C x C T . The rest case follows similarly. We can 
write, 

V®p\A c = Kc>, 
ce7r (nti4) 

where T^p/ is supported on C x C, Take C ^ C € 7To(ni?i) and assume is not zero. 
Let us take a sufficiently ample line bundle C on X. Since &(Ac <8> £) G -D^tOO) we have 
R-P2*(^-c §5 = 0. On the other hand, if C is sufficiently ample and H q (1Zc') ^ 0, then 
P2*(H q (Kc>) ®p*£) + and PJ>p 2lf {H q {Kc>) ®p\C) = for p > 0. Since there exists a following 
spectral sequence: 

E™ = R p p 2 4H q {Kc<)®pl£) R p+ V 2 *(^c 
we have Rp2*(^c ®P*£) ^ 0. But this is a contradiction. □ 

L L 

By the lemma above we have V ® p\Ac — V ® p\B c \. Since we have assumed C and 
are complete intersections, we have Ac = Oc, = ^c*t m our case. Combining these, we 
have the desired isomorphism: 

V % C xY = V® XxCt - 

□ 
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L L 

By the assumptions, the object V <g> OcxY = V® OxxC^ is a sheaf, up to shift. This sheaf 
is Ocxy-module and also Xx c^ -module. Hence this object is a O^^t-module, so there exists 
an object T>c € D(C x C*), such that 



7? ® C Cx y = V®0 



icxcu'Pc- 



Let <£> c := ^c^ct : ^ ^C^)- In what follows, we don't use the fact these are sheaves up 

to shift, and show that $0 gives a desired equivalence. 

Step 3. In the diagram of Theorem\4.8\ we have the following isomorphisms of functors: 



<£> c o Lie - * 



c 



(icxid ct )*-p c 
(idcXi ct )»P c 



( 5ee i/te following diagram. 



t ,•* D * ~ ^ L ( id ^ xi ct)^ 



L(i c xidy)*-P 




*CxCt 




IxY 



CxF 

Proof. Let us calculate $0 ° Li c by using Proposition-Definition 12.51 The rest formulas follow 
similarly. Let q 12 : X x C x Ct -» X x C, g 23 : X x C x C7+ -» C x Ct, g 13 : X x C x Ct -» X x Ct 
be projections. Let C X x C be the graph of the inclusion Iq. Let j be the inclusion of 



T c x Ct into X x (7 x Ct. Since Li* 



we can compute the kernel of $o oLi c as follows: 



R<7i3*(</i* 2 0r c I g^c) = Rgi3*(Or c xct ® ffss^c) 

= R-9i3*j*Lf L^^c 
= («c x idct)*R-^23*i*Lj*LQ23^c 
(to x id ct )*R(g 2 3 oi)*L(g 23 o j)*p c 

^ (to X idot)*^C- 

Here the third isomorphism follows from gi3 o j = (iq x id c t ) ° 523 j and the last isomorphism 
follows since 523 j is identity. □ 

Step 4. $o gives a desired equivalence. 

By Step El to prove the diagram of Theorem 14.81 commutes, we only have to check the 
followings hold: 

(to x idot)*^c = L(id x x ict)*-p, 
There exists a following morphism: 

L 



(id c x i c \\V c = Uic x id Y )*V. 



V^V® XxC t icxcu'Pc = (idx x i c t)*(ic x id ct )*7>c- 
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Taking its adjoint, we have a morphism L(idx x *ct)*^ — * (*C x id^t )*7 7 c- Let us take its 
distinguished triangle: 

Q -» L(id x x i ct )*P -> (i c x id ct )*P c -» 
By applying (id* x ^t)*, we get the distinguished triangle, 

(id* x i G \)*Q^V®O x 

xCt — * ^CxCt* V c (id x x i c t)*Q[l]- 

So, we have (id* x i c <t)*Q = 0. Therefore Q = and the morphism L(idx x ict)*V^(ic x 
id^t)*^ is an isomorphism. We can prove the isomorphism, (idc x i c i)*Vc — L(ic x idy)*V 
similarly. 

Finally, we prove <$>c gives an equivalence. Let us define '■ D(C*) — ► D(C) as in the same 
way of $<7, from \& = <i> _1 . Then the following diagram commutes: 

D{X) -i^U D(C) D(X) 



<I> 



C 



-^U D(Ct) 

D(X) -=^-» £>(C) £>(X). 

Take a closed point x £ C. Then by the diagram above, ic* ° ^c(Ox) — ic*(@x), so 
* c o (&c{O x ) = O x . Then, by |Bri99l Lemma 4.3], kernel of ° $c is a sheaf on C x C, 
therefore it must be a line bundle on its diagonal. Hence *$>c &c — ®£-c f° r some line bundle 
Cc on C. But, again by the diagram above, we have ^c°^c(^c) — Oc- This implies Cc = Oc 
and ° — id. Similarly, $c o ^>c = id. Therefore <&c is an equivalence and the proof of 
Theorem 14.81 is completed. □ 

Remark 5.2. The conditions of kernels are required to find the object Vc which satisfies 

V I Cx y = V® XxCi icxcu'Pc- 

In fact, if we can find such a Vc, then our theorem holds by using Vc- In Step 3 and 4, we 
didn't use the fact that these are sheaves. 

6 Fourier-Mukai transforms of varieties of k(X) = dimX — 1 

In this section we explain the important situation to which Theorem 14.81 can be applied. Let us 
consider the situation when Kx (or —Kx) is semi-ample, i.e. |mi£x| is free for some m > (or 
m < 0). When Kx is semi-ample, we have the following morphism, called Iitaka fibration: 



ttx : X — > Z : = Proj H°(X,mK x ). 



m>0 



Kodaira dimension of its generic fiber is zero. Let Y € FM{X) and <]?: D{X) —* D(Y) be an 
equivalence. Note that Ky is also semi-ample by Corollary 14.71 By Corollary 14.41 the target 
of its Iitaka fibration is also Z. Let ny '■ Y —* Z be the Iitaka fibration. Let us take a general 
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closed point p G Z. Let X p := tt x (p), and Y p := -k y 1 {p). Assume that kernel of $ satisfies the 
condition as in Theorem 14.81 f° r example kernel of is a sheaf. Then Theorem 14.81 states that 
there exists equivalence $ p : D{X p ) — > D (Y p ) such that the following diagram commutes: 

D(X) D(Xp) D(X) 

(0) * *p $ 

D(y) l>(y p ) d(y). 

Here i p and j p are inclusions, i p : X p <—> X, j p : Y p ^ Y. The conditions of kernels are satisfied 
if k(X) = dimX — 1. Note that Fourier- Mukai partners of the varieties of n(X) = dimX are 
studied in |Kaw02j . 

Theorem 6.1. Let X be a smooth projective variety such that K x is semi-ample, and n{X) = 
dimX — 1. Let Y G FM(X) and D(X) — > D (Y) be an equivalence. Then in the above 
notations, there exists an equivalence & p : D(X p ) — > D(Y p ) such that the diagram (0) commutes. 

L 

Proof. Let V G D(X x Y) be a kernel of <£. It suffices to show V <S> Ox p xY is a sheaf, up to 
shift. Note that 

V®0 Xp xY = v®o XxYp , 

by Step 2 of Theorem 14.81 By taking the functors whose kernels are left hand side, right hand 
side respectively, we can obtain the isomorphism of functors: 

*(* ® o Xp ) = *(*) I o Yp . 

Note that the above isomorphism can be also applied to derived categories of quasi-coherent 
sheaves. Let us consider <&{O x ) for x G X p . Take a general morphism: 

v x : SpecC[[ti, • • • — > X, 

which takes a closed point of SpecC[[ti, • • ■ , trf_i]] to x G X p . Here d : = dimX. Let R x : = 

u^C^i, • • • .trf-i]] G QCoh(X). Then R x § Xp ^ 0,, and 

$(0,) $(R X ) I Oy p 

^i P *Lj;$(i? x ). 

Since Y p is one-dimensional, Lj*<I > (i? 2: ) is a direct sum of its cohomologies. Since 

Rom x (O x , Cy * Homy *(O x )) * C, 

we can conclude <&{G X ) is a coherent Oy p -module, up to shift. We may assume $(O x ) is a sheaf 
for general x G Xp. Then for all x G X p , $(0^) is a sheaf. Hence 

7> § xxy = 7> § XpXY § p*0^, 



is a sheaf. The above object is calculated by the spectral sequence: 

E™ = Tor°^ Y {H^A),p\0 Rx ) H^(V I O xxY ) 



Here A := V <g> XpXY . The above spectral sequence degenerates at E^-terms, since Ef' 9 = 
for p < -2. Therefore if k ^ 0, H k (A) ® p\0 Rx = for x G X p . This implies # fc (yl) = for 
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As the immediate application, we generalize the theorem of Bondal and Orlov [BD01| . 



Theorem 6.2. Let C be an elliptic curve, Z be a smooth projective variety. Assume that Kz 
or -K z is ample. Then FM(C x Z) = {C x Z). 

Proof. We show the theorem when Kz is ample. The other case follows similarly. Let us take 
Y G FM(C x Z), and let <E>: D(C x Z) — > D(Y) be an equivalence. Since C is an elliptic 
curve, the projection C x Z — » Z gives Iitaka fibration. Note that Ky is also semi-ample, 
and let tt: Y — > Z be its Iitaka fibration. Take a general closed point p £ Z and fix it. Let 
Ct := 7r _1 (p). Then we can find an object W € D(C x C+) such that $"_ ct : -D(C) -> D(Ct) 
gives equivalence by Theorem 16.11 Note that C = , since Fourier-Mukai partners of a curve 
consists of itself. On the other hand, as in Lemma 14.21 the following functor gives equivalence: 

oU: D(C xZ)3aKooWe D{C ] x Z). 

Let us compose the above equivalence with \P := $ . We obtain the equivalence: 

(o«)o*; D(F) — ► D(C x Z) — ► D{C ] x Z), 

which takes O x to 0( x ,p) f° r an ^ G C'. Therefore we obtain the birational map over Z by 
Lemma 17.31 below, 

/: y — > C ] x 

Note that / is defined on the neighborhood of C'. Since y and CWZ are both minimal models, 
/ is isomorphic in codimension one. We show that / is in fact isomorphism. Let us take an 
ample divisor H C Y, and its strict transform H' C x Z. It suffices to show is nef. But 
this is clear since H> is effective, and we can deform W freely using translations of CL □ 

7 Fourier-Mukai partners of 3-folds of k(X) = 2 

In this section, we study FM(X) when dimX = 3 and k{X) = 2. The relative moduli spaces 
of stable sheaves for three-dimensional Calabi-Yau fibrations are studied in [BM02J . Combining 
Theorem 14.81 with their results, we can study FM{X) in this case. Before that, we recall some 
terminology of birational geometry, and give some useful lemmas. 

Definition 7.1. Let X and Y be projective varieties with only canonical singularities. A bi- 
rational map a: X —■* Y is called crepant, if there exists a smooth projective variety Z and 
birational morphisms f : Z — > X , g: Z — > Y , such that a o / = g, and f*Kx = 9*Ky. In this 
case, we say X and Y are K -equivalent under a. 

The following birational transform called "flop" is a special kind of crepant birational map. 

Definition 7.2. Let X and Y be projective varieties with only canonical singularities. A bira- 
tional map a: X — » Y is called a flop, if there exist a normal projective variety W and crepant 
birational morphisms (ft: X — > W , ^:Y^W which satisfy the following: 

• (ft = ip o a. 

• (j) and ip are isomorphisms in codimension one. 

• Relative Picard numbers of (j), ip are one. 
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• Let H be a (p-ample divisor on X, and H' be its strict transform on Y . Then —H' is 
ip-ample. 

In this paper, we will only use flops of smooth 3-folds. In dimension three, crepant birational 
maps are connected by finite number of flops [Kaw02, Theorem 4.6]. Next we give some useful 
lemmas. 

Lemma 7.3. Let X and Y be smooth projective varieties, and <3?: D(X) — ► D(Y) be an equiva- 
lence. Assume for some closed point x £ X , we have dimSupp<I > (C' ;E ) = 0. Then there exists an 
open neighborhood U of x, and r£Z, such that for x' £ U , there exists f(x') £ Y which satisfies 
§{O x i) = Of/ x /\[r]. Moreover X and Y are K -equivalent under birational map f : X — - » Y. 

Proof. Since 3> gives an equivalence, we have 



(i < 0), 
(i = 0). 



Then using the same argument as in [BD01, Proposition 2.2], there exists a point y € Y and 
reZ such that <&(O x ) = O y [r]. Then as in [BM01; Theorem 2.5], we can find a desired U and 
a birational map /. Let V € D(X x Y) be a kernel of $. Since 

V®p\u) X = V®p* 2 uj y , 

as in Section 4, p\ux and p\<jjy are numerically equal on SuppP. By the construction of /, we 
have C Supp"P, where Tj is a graph of /. Therefore X and Y are iT-equivalent under /. □ 

Lemma 7.4. Let X and Y be smooth projective varieties, and <£: D(X) — > D(Y) gives equiva- 
lence. Then the followings hold: 

(i) For a closed point ujy is numerically zero on Swpp<&(O x ). 

(ii) Ifxe Bs\mK x \, then Supp$(O x ) C Bs\mK Y \. 
(Hi) If x £ Bs \mK x \, then Supp^Cy n Bs \mK Y \ = 0. 

Proof, (i) Since $ and Serre functor commutes, we have §{O x ) ®ujy — $(O x ). (i) follows from 
this. 

(ii) This follows from Lemma 14.61 immediately. 

(iii) Take x £ Bs |mifx| and assume that there exists y 6 SuppQ(O x ) n Bs |miTy|. Then 
there exists a non-zero map $>(O x ) — > O y [i] for some i. Therefore there exists a non-zero map 
O x — > ^(O y )[i\. Since ^(O y )[i] is supported on Bs |mifx|) this is a contradiction. □ 

Now we state our main theorem of this section. 

Theorem 7.5. Let X be a smooth projective 3-fold of k{X) = 2. Then Y G FM(X) if and only 
if one of the following holds: 

(1) X and Y are connected by finite number of flops. 

(2) There exists a following diagram: 

Y H '''Vu/) M - >PS X 



S, 

where n: M — > S is an elliptic fibration with uj^j ; H G Pic(M) is a polarization, and 
d € Z. J H (d) C M (M/ S) is an irreducible component which is fine, and contains a point 
corresponding to line bundles of degree d on smooth fibers of n. 
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"If direction is already proved in |BM02l Theorem 8.3] and |Bri02] . when S is smooth. 
We can check that the assumption U S is smooth" is not required in their proof, hence the 
"if direction holds. We prove "only if direction. Let us take Y G FM{X). We use the 
same notations as in the previous sections. In particular <£: D(X) — > D(Y) gives equivalence, 
V G D(X x Y) is a kernel of <J>, and ^ is a quasi-inverse of $. Note that, by Lemma |7.3| we 
may assume dim Supp <&(O x ) > 1 for all x G X. In this situation, we will construct a diagram 
(2), or show (1) holds. We divide the proof into 5 Steps. 

Step 1. Application of Theorem \4.8\ 

At first, we apply Theorem 14.81 and give the preparation for the proof. Since dimX = 
dimy = 3, we can run minimal model programs, and obtain birational minimal models X mm 
and Y min : 




Z. 



Here ttx, ny are Iitaka fibrations. Note that dimZ = 2, and generic fibers of irx, ^y are elliptic 
curves. Then for sufficiently large m, we obtain isomorphisms, 

X \ Bs \mK x \ X mhl \C X , Y\ Bs \mK Y \ Y min \ Cy, 

for some closed subsets Cx C X mm , Cy C Ymin with dimCx < 1, dim Cy < 1. Let us take 
general members E{ G \mKx\, for i = 1,2. By Corollary 14.41 we have the isomorphism of linear 
systems: 

\mKx \ — > |mify|. 

Let Ej G |mXy| corresponds to Also note that we have the isomorphisms: 

H (X, ) F° (X min , mX Xmin ) , H° (X, mKy ) = H°(Y min , mK Ymin ) , 
for sufficiently divisible m. Let 

E' t e\mK Xm J, E? e\mK Ym J, 

correspond to Ei, Ej under the above isomorphisms respectively. Then if we choose Ei suffi- 
ciently general, then we have, 

E' x n E' 2 n C x = 0- 
Therefore we have the following decompositions: 

E 1 nE 2 = (E[ n E' 2 ) ]J Bs \mK x \, E\r\E\ = (E? n E 2 ] ) JJ Bs \mK Y \. 

Now let us take C G tto(E' 1 C\ E 2 ). We can consider C as a curve on X. Using Corollary 14.71 and 
Lemma \7A\ we can find G TToC-E^n^) such that $ takes D C (X) to L> c t(^)- Now using the 

L 

same argument as in Theorem 16.11 we can see V ® Ocxy is a sheaf, up to shift. Then we can 
apply Theorem 14.81 so there exists an equivalence Q>c- D(C) — > Z?(C^), such that the diagram 
of Theorem 14.81 commutes. 

Step 2. Construction of M . 
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In this step, we will construct a desired M. We will construct M as a moduli space of stable 
sheaves on Y. Let us take x G C, and consider <I>(7(0 X ) G D(C*). As in Theorem 16, Q we may 
assume $c{Ox) is a simple sheaf on C>. Since is an elliptic curve, <I>c(0 x ) is a stable sheaf 
on C'. Let rk$c , (C :r ) = a and deg$c , (O x ) = 6. By the commutative diagram of Theorem 14.81 
$(O x ) is a stable sheaf on Y supported on C\ with respect to any polarization. Then take a 
polarization H' G Pic(Y), and consider moduli space of stable sheaves M H (Y/ SpecC). Let 

M C M H '{Y/ SpecC) 

be an irreducible component, which contains a point corresponding to §{O x ) G Coh(Y). Note 
that there exists a birational map: 

fx:X-* M, 

which takes a general point x G X to a point of M, corresponding to a stable sheaf $(O x ). We 
show M is a fine moduli scheme, or (1) holds. For E,F G D(X), we define x{E,F) as follows: 

X (£,F) :=^(-l)MimExt^(£,F). 
Since x( < ^(Cx), ^(Cx)) = x(Cx,Ca;) = 1, Riemann-Roch implies that 

b ■ ch <$>{O x y + a(d(*(O x )*) • C^) = 1. 
Here <£(0x)* means derived dual of <5(C>x)- We divide into 2-cases: 
Case 1. b = 

If & = 0, then a = c\{<&{Ox)*) ' C' = 1. Therefore there exists an effective divisor E on Y 
such that E ■ C' = 1. There exists a birational map: 

/ 2 : Y -~* M, 

such that fi takes general point y G F to a point corresponding to Oc y (Er\C y — y), a degree zero 
line bundle on C y . Here C y is a compact fiber of the Iitaka fibration Y —■* Z, which contains 
y. Composing these we obtain a birational map, 

f:=fc l of 1 :X~+M~+Y, 

which satisfies f(x) G Supp $>{O x ) for general x G X. Therefore Ty C Supp"P, where Yf is a 
graph of /. Since p\Kx = P^Xy on Supp"P, it is also true on Tj-. Therefore X and Y are 
if-equivalent under birational map /. 

Case 2. b ^ 

Let us replace i?' to det Q(Ox)* ±lbH' for / ^> 0. Then we may assume g.c.d(a(H' ■ C T ), b) = 
1. Then 

g.c.d{x(^(C :c ) <g> #'® m ) m£Z} = g.c.d{ma(F' • C f ) + 6 | m G Z} 

= 1. 

By Lemma l3.4| this implies that M is a fine moduli scheme. 

Step 3. M is smooth and the universal sheaf U G Coh(Y x M) gives an equivalence 

*m •= $m^y-- D(M)—>D(Y). 
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Proof. For p G M, let IA P G Coh(Y) be the corresponding stable sheaf. We check that the 
conditions of Theorem 13.51 are satisfied. First we show lA p ® toy — U p . Let 

X 

\ h 
a V 

X ■■■■■■>■ M 

be an elimination of indeterminacy. Consider morphisms, 

gx\d:XxY — > X x Y, h x id: X x Y — ► M X Y, 

and objects, 

L(g x id)*T G D(X x Y), (h x id)*U G Coh(X x Y). 
Take x G X and let i XX Y '■ % x Y X x Y be an inclusion. Then 

I4 xy o L(g x idyv = u* g{x)xY v = Ho g(x) ) 

L €xY ° (h x id)*U = U h(x) . 

Take open subsets X° C X, Y° C Y, Z° C Z such that the rational maps X — » Z, Y — » Z 
are defined on X°, Y°, and X° — > Z°, Y° —* Z° are smooth projective. From here, we will 
shrink Z° if necessary. Since f\ is defined on X°, we can think X° as an open subset of X. So 
if x € X° C X, then $(0^.,,)) = U^ua. This implies 

Supp(/i x id)*W n (X° xY) = SuppL( 5 x id)*V n {X° x Y). 

Therefore by Lemma 17.61 below, we have 

Supp(/i x id)*^ C SuppL( 5 x \d)*V dXxY. 

Therefore for all x G X, we have 

Supp(/i x id)*U n (x x Y) C SuppL( 5 x \d)*V n (x x Y). 

So SuppW/j( x ) C Supp <&{Og( x }) follows. Since uy is numerically zero on Supp $(O g r x \), this is 
also true on SuppZ/^^), hence on SuppU p for all p G M. Therefore £Y P <g> wy is also iJ'-stable, 
and its reduced Hilbert polynomial is equal to U p , i.e. 

p(U p ,H')=p(U p ®uj Y ,H'). 

On the other hand, there exists a non-trivial map U p ^ IA P ® coy by semi-continuity. So IA P = 
U p <S> ojy for all p G M. 

Secondly we show the set 

T(U) := {(pi,p 2 ) eM x M \ Ext Y (U Pl ,U P2 ) + for some i G Z} 

has dimr(W) < 4. It suffices to show if (p±,P2) G L(W) \ Am, where Am is a diagonal, then 
Pi £ M \ fi(X°). Assume that pi G Since Ext^ (U pi , W P2 ) / 0, we have Supp^ pi n 

SuppW P2 ^ 0. Take an irreducible component I C SuppW P2 such that SuppZ^ Pl D I 7^ 0. Since 
we have assumed pi G fi(X°), we have 

Supp^ Pl n Bs \mK Y \ = 0. 
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So it follows that I is not contained in Bs \mKy\. Furthermore Kyi = 0, since Ky is numerically 
zero on SuppW p . Therefore ZflBs |m-K"y| = and I is contained in the fiber of the Iitaka fibration, 
y\Bs \mKy | — > Z. This implies I = Supp£Y Pl and therefore Supp£Y P2 = Supp£Y Pl , since Supp£Y P2 
is connected. Therefore U P2 is a stable sheaf on SuppW Pl , so P2 G f\(X ). Let g» G X° be points 
such that p, L = /].(<&). Then Exty , W p2 ) = Ext^(O gi , O q2 ) ^ implies q\ = q2 and pi = p%. 
But this contradicts to (pi,P2) ^ Am- □ 

In the above proof, we used the following lemma: 

Lemma 7.6. Supp(/i x id)*U is irreducible. 

Proof. Let f : X x Y ^ X be a projection. Note that a general fiber of the restriction of / to 
Supp(/i x id)*U is an elliptic curve. Therefore if Supp(/i x id)*U is not irreducible, then there 
exists p G Ass((h x id)*U) such that dimO^ j,s > 1. Take a non-zero element of the maximal 

x t ' — ' 

ideal t G G j,y Then —> j.^ is injective. Since (h x id)*U is flat over X, 

we have an injection, 

((h x id)*U) p ^0 {{h x id)*W) p , 
and /*f G m p 0^ xy . But this contradicts to p G Ass((/i x id)*U). □ 
Step 4. X and M are connected by finite number of flops, and M has an elliptic fibration 

7T: M — ► S* WZf/l (Jjf 0. 

Proof. Consider the following composition: 

* o $ M : D(M) — ► D(Y) — ► 

This is an equivalence and for general points p G M, we have 

dim Supp o $ M (C P ) = 0. 

Therefore X and M are connected by finite number of flops. Since Supp U C FxMis irreducible 
and all the fibers of the projection SuppZ// — * M are one-dimensional, this is a well-defined 
family of proper algebraic cycles in the sense of [7.K96J. Therefore there exists a morphism 
M — > Chow(y) which takes p G M to an algebraic cycle whose support is equal to SuppZ^ p . Let 

M ^ S -> Chow(F) 

be a stein factorization. We show that wj./ =,r 0. Let us take p,p' G M such that ?r(p) = 7r'(p). 
Then by the definition of 7r, it follows that 



Supp ® M {O p ) = Supp $ M (0 



Let us take g G Supp$ M (Op)- Thenp' G Supp($ M )" 1 ( C) g)- Therefore vr -1 ^^) C Supp($ M )" 1 ( c 'g)- 
This implies u>m =w 0. □ 

Step 5. There exists a polarization H C M, d G Z, suc/i £/ia£ J H (d) is fine, and smooth. 
Moreover Y and J H (d) are connected by finite number of flops. 
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Proof. We continue the same argument. Let us take a general closed point y 6 7. The object 



^ M )-\O y )^D{M) 

is a stable sheaf on a general fiber of ir. Let its rank and degree be c and d respectively. 
Let H G Pic(M) be a polarization, and take an irreducible component M + C M H (M/ S) 
which contains a point corresponding to {<&M)~ l {O y ). Similarly, take an irreducible component 
J H {d) C M (M/ S) which contains a point corresponding to line bundles of degree d on smooth 
fibers of ix. By the same argument as before, we can choose H such that 

ir":M + ^S, vr': J H (d) -» S, 

are fine moduli schemes (or X and Y are connected by finite number of flops if = 0). By 
[BMQH Theorem 8.3], M+ and J H (d) are smooth, ojm+ =tt" 0, Wjhu\ = n > 0, and the universal 
sheaf V G Coh(M + x 5 M) gives an equivalence 

<D M+ := <^ + _> M : D(M+) D(M). 

Since the composition 

$ M *M+ = D(M+) D(M) D(Y) 

takes general points to general points, Y and M + are connected by finite number of flops. By 
|Ati571 Theorem 6], there exists a following birational map over S: 

M + 3 E h+ A C E G J H ((i). 

Since they are both minimal over S, and J H (d) are connected by finite number of flops. 
Now we have obtained the diagram (2). □ 

If X is minimal we have a better result. By the abundance theorem in dimension three, Kx 
is semi-ample. Let ttx '■ X — > Z be its Iitaka fibration. We define Ax > as follows: 

Ax := g.c.d{ Cl (E) ■ f x \E€D(X)}, 

where fx is a cohomology class of a general fiber of ttx- For a polarization H on X, let 
J H {b) C M H (X/Z) be as in the Theorem 17. 51 The proof of the following theorem is almost the 
same as in the previous theorem and is left to the reader. 

Theorem 7.7. Let X be a smooth minimal 3-fold with k(X) = 2. Then Y G FM(X) if and 
only if there exists some b G Z which is co-prime to \x, and there exists a polarization H on X, 
for which J H (b) is a fine moduli scheme, such that Y and J H (b) are connected by finite number 
of flops. 

Because J H {b + \ x ) = J H (b), birational classes of FM(X) are finite in the above case. By 
[Kaw97] . the number of 3-dimensional minimal model in a fixed birational class is finite. So we 
obtain the next corollary. 

Corollary 7.8. Let X be a smooth minimal 3-fold with k(X) = 2. Then $FM{X) < 00. 
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